In this paper, we quantify the ability of a future measurement of the Sandage-Loeb test signal from the Cosmic-Dynamic-Experiment-like spectrograph to constrain some popular modified gravity theories including the Dvali-Gabadadze-Porrati braneworld scenario, f (R) modified gravity and f (T ) gravity theory. We find that the Sandage-Loeb test measurements are able to break degeneracies between model parameters markedly and thus greatly improve cosmological constraints for all concerned modified gravity theories when combined with the latest observations of CMB-shift parameter. However, they yield almost the same degeneracy directions between model parameters as that from the distance ratio data derived from the latest observations of the cosmic microwave background and baryonic acoustic oscillations. Moreover, for the f (R) modified gravity, the Sandage-Loeb test could provide completely different bounded regions in model parameters space as compared to CMB/BAO and thus supplement strong complementary constraints.
I. INTRODUCTION
In the past decade or so, an accelerating expanding universe was first indicated by observations of type Ia supernova (SNe Ia) [1, 2] and subsequently confirmed by several other surveys such as the cosmic microwave background (CMB) [3] , and baryonic acoustic oscillation (BAO) [4] . This ostensibly counterintuitive behavior of the universe is usually attributed to a presently unknown component, called dark energy, which exhibits negative pressure and dominates over the matter-energy content of our universe. So far, the simplest candidate for dark energy is the cosmological constant and the standard cosmological model based on it (dubbed ΛCDM) is in accordance with almost all the existing cosmological observations. However, dark energy is not the only explanation for the current cosmic acceleration, modified gravity theories in which gravitational interaction deviates from Einstein's theory of gravity can also account for this apparently unusual phenomenon. So far, both models derived from introducing an exotic component like dark energy and those established by modifying Einstein's theory of gravity can survive the above-mentioned observations. If one wants to place more comprehensive cosmological constraints on a possible model or distinguish between dark energy and modified gravity theories, it is crucial to measure the expansion rate of universe at many different redshifts. Among the known probes, the CMB probes the rate of the expansion at redshift z ∼ 1100, while for much lower redshift (z 2) we could rely on weak lensing, BAOs, and the most noticeably, luminosity distance measurements of SNe Ia and some other probes. In particular, a new cosmological window would open if we could measure the cosmic expansion directly within the "redshift desert", roughly corresponding to redshifts 2 z 5.
Currently, the detailed dynamics of the accelerated expansion is still not well known.
However, one could expect the redshift of any given object to exhibit a specific time evolution in an underlying cosmological model. The observation of this evolution performed over a given time interval could not only be a direct probe of the dynamics of the expansion, but also has the advantage of not depending on a determination of the absolute luminosity of the observed source. Allan Sandage first proposed the possible application of this kind of observation as a cosmological tool [5] . However, only measurements performed at time interval separated by more than 10 7 years could have detected the cosmic signal with the technology at available that time. Over the past decades, the importance of this method was stressed again [6, 7] . Later, Loeb revisited these ideas and argued that spectroscopic techniques developed for detecting the reflex motion of stars induced by unseen orbiting planets could be used to detect the redshift variation of quasar stellar object (QSO) Lyman-α absorption line [8] . He also concluded that it is conceivable that the cosmological redshift variation in the spectra of some suitable source could be detected in a few decades. Therefore, this method is usually referred as the "Sandage-Loeb" (SL) test. More recently, by using the Green Bank Telescope (GBT) observation over 13.5 years, precise measurements for the secular redshift drift of 10 HI 21 cm absorption line systems spanning z = 0.09 − 0.69 were obtained [9] . These surveys were announced as direct measurements of the cosmic acceleration and an error-weighted mean secular redshift drift of <ż >= (−2.3 ± 0.8) × 10 −8 yr −1 , corresponding to an acceleration of <v >= −5.5 ± 2.2 m · s −1 · yr −1 , was achieved. Encouragingly, the cosmic acceleration could be directly measured in ∼ 125 years with current telescopes or in ∼ 5 years using a Square Kilometer Array 1 .
An investigation of the expected cosmological constraints from the SL test for a constant dark energy equation of state was performed by Corasaniti et al. [10] . Later, several extended analysis for some other popular competing models including Chaplygin gas, holographic dark energy and the new agegraphic and Ricci dark energy [11] [12] [13] , were accomplished. More recently, the ability of a future measurement of the SL signal from a Cosmic-Dynamics-Experiment-like (CODEX) [14] spectrograph to constrain a dynamical dark energy (CPL parametrization [15] ) was quantified by Martinelli et al. [16] . Alongside the full CMB mock data set with noise properties consistent with Plank-like [17] experiment, they demonstrated that the SL test measurements could be able to break degeneracies between expansion parameters and improve cosmological constraints greatly.
In this paper, we perform, along the line of Ref. [16] , a joint analysis by taking the latest observations of CMB-shift parameter into account to investigate the constraining power of the SL test on model parameters of modified gravity theories including the DvaliGabadadze-Porrati (DGP) brane-world scenario [18] , the f (R) gravity (see Refs. [19, 20] for recent reviews) and the f (T ) gravity [21] . Moreover, analysis with the distance ratios derived from the latest CMB and BAO observations (labeled as CMB/BAO), which are deemed to be more suitable than the primitive CMB data for examining non-standard dark energy models, are also taken into consideration for comparison.
II. DATA SETS
In this section, we give brief descriptions for the data sets.
A. Sandage-Loeb Test
We begin with reviewing the basic theory necessary to derive the expected redshift drift over a time interval in a given cosmological model. In a Friedmann-Lemaître-RobertsonWalker (FLRW) expanding universe, the radiation emitted by a source which does not possess any peculiar motion at time t s and observed at time t 0 experiences a redshift z s which is connected to the expansion rate through the scale factor a(t) as
After a time interval ∆t 0 (corresponding to ∆t s for the source), it becomes
With an adequate time interval between observations, we can measure the observed redshift variation
By keeping the first order in ∆t/t, this difference can be re-written as
Conveniently, this redshift variation is usually expressed in terms of a spectroscopic velocity shift, i.e.,
where c is the speed of light. Therefore, the velocity variation can be related to the matter-energy content of the universe by setting a(t 0 ) = 1 and using the Friedmann
where H 0 is the Hubble constant and
The feasibility of detecting a time evolution of the redshift was once studied in detail by Pasquini et al. [22, 23] . The most promising system used to measure the velocity shift within the redshift desert is quasar absorption lines typical of the Lyman-α forest. The
European Extremely Large Telescope with a high-resolution ultra-stable spectrograph such as CODEX will be able to detect the tiny shift in spectral line over a reasonable time interval, typically of the order of few decades [24] .
According to the latest Monte Carlo simulations, the accuracy of the spectroscopic velocity shift measurements expected by CODEX can be expressed as
where S/N is the signal-to-noise ratio, N QSO is the number of observed quasars, z QSO represent their redshift and the index x is 1.7 for z 4 while it becomes 0.9 beyond that redshift. The mock SL data set used in our following analysis corresponds to the error bars computed from Eq. (7) with a S/N of 3000 and a number of QSO N QSO = 30 assumed to be uniformly distributed among the following redshift bins: The shift parameter R is defined as
where z * ∼ 1091 is the redshift of the last-scattering surface.
The position of the first CMB power-spectrum peak, which corresponds to the angular scale of the sound horizon at recombination, is given by
where d A is the comoving angular diameter distance, r s (z * ) is the comoving sound horizon at recombination
which is dependent on the speed of sound, c s , in the early universe. Using both these two parameters in combination reproduces closely the fit from the full CMB power spectrum and it was shown that constraints from the shift parameter R alone could approximately represent the degeneracy directions between model parameters from the full CMB observations [27] .
In our analysis, the data based on measurements of the CMB acoustic scale [25] ℓ A = 302.35 ± 0.65 (11) and the ratios of the sound horizon scale at the drag epoch (z d ∼ 1021) to the BAO dilation scale [29] 
where the so-called dilation scale, D V , is given by
are also taken into account to study the constraining power of SL test.
By considering the ratio of the sound horizons at drag epoch and photon decoupling, r s (z d )/r s (z * ) = 1.045 ± 0.012 [25] , and combining the observational results of (11) and (12), we obtain
In addition, the coefficients 0.337, 0.369 and 0.438 which correlate the pairs of measurements at z = (0.20, 0.35), z = (0.44, 0.60) and z = (0.60, 0.73) respectively are taken into consideration in our analysis. It should be stressed that these distance ratios is deemed to could provide more reasonable constraints on non-standard dark energy models than the primitive CMB or BAOs data [30, 31] .
III. MODELS AND RESULTS
In the last two decades or so, numerous models have been proposed to explain the observed cosmic acceleration. Although some models may be preferred with respect to others based on some statistical assessment as they fit the data better with a small number of parameters [30] [31] [32] , most of them have not been falsified by available tests of the background cosmology. These models can be classified in two categories: (1)Models based on an exotic component dubbed dark energy; (2)Models based on modified gravity in which gravitational interaction deviates from Einstein's theory of gravity. Examples of the latter include DGP brane-world scenario [18] , f (R) gravity [? ] and f (T ) gravity [21] .
The SL test has been applied to explore dark energy in the past few years [10] [11] [12] [13] . In this paper, we focus on the time evolution of the cosmological redshift as a test of modified gravity theories, including the predictions on the time evolution of the velocity shift derived from observations performed over a time interval ∆t 0 = 30 yr and the constraints on model parameters from a future CODEX-like SL signal.
A. DGP model
The DGP model [18] , which provides a mechanism for accelerated expansion without introducing a repulsive-gravity fluid, arises from a class of brane-world scenario in which gravity leaks out into the bulk above a certain cosmologically relevant physical scale. This leaking of gravity is responsible for the increase in the expansion rate with time. In the framework of a spatially flat DGP model, the Friedmann equation is modified as
where r c = 1/[H 0 (1−Ω m )], which represents the critical length scale beyond which gravity leaks out into the bulk. In this paper, we investigate the generalized DGP model [33] , which interpolates between the pure ΛCDM and original DGP model with an additional parameter λ,
where
. Thus, we can directly rewrite the above equation and obtain the expansion rate 
B. f (R) modified gravity
The f (R) gravity theories modify general relativity by introducing nonlinear generalizations to the (linear) Hilbert action (see Refs. [19, 20] for recent reviews). As the generalized Lagrangians of this type can lead to accelerating phases both at early [35] and late [36, 37] times in the history of the universe (see also Ref. [38, 39] ), a great deal of interest and effort has gone into the study of such theories. The starting point of the f (R) theories in the Palatini approach is the Einstein-Hilbert action, which is given by
where f is a differentiable function of the Ricci scalar R, L m is the Lagrangian of the pressureless matter, k = 8πG, and G is the gravitational constant. For a flat FriedmannLemaître-Robertson-Walker (FLRW) background, the Hubble parameter in terms of the curvature scalar R reads
and F = ∂f /∂R and a prime denotes a derivative with respect to R. In the case of the Hilbert action with f = R, Eq. (19) reduces to the standard Friedmann equation:
In this paper, we adopt the f (R) gravity theory with the form f (R) = R − α(−R) β within the Palatini approach which can not only pass the solar system test and has the correct Newtonian limit [40] , but also can explain the late accelerating phase of the expansion. Constraints from observations such as the CMB-shift parameter, SNe Ia surveys data, BAOs, the matter power spectrum from the SDSS and gravitational lensing on this type of f (R) theory have been intensively discussed [41] [42] [43] [44] [45] [46] [47] [48] [49] . Here, we evaluate the constraining power on this class of f (R) gravity theory from a future measurement of SL test.
The predications on the time evolution of the velocity shift and the numerical results which demonstrate the ability of a future SL signal measurement to constrain this modified gravity theory are shown in Fig. (3) and Fig. (4) respectively. The results shown in the left panel of Fig. (4) suggest that the degeneracies between model parameters α and β could be broken by including the SL test when the observations of CMB-shift parameter is considered. However, as shown in the right panel, we find that the constraints from the SL test and the CMB/BAO present almost the same directions of degeneracy between model parameters. This means that, alongside the CMB/BAO, the SL test is not capable of breaking the existing degeneracy between model parameters.
It is interesting to note that the bounded regions in the α − β plane from these two data sets are clearly different, i.e., there is no overlap at 95.4% confidence level (C. L.). (7) with a fiducial concordance ΛCDM model.
C. f (T ) gravity
Recently, another kind of modified gravity, named f (T ) theory, which can also explain the accelerating cosmic expansion, has attracted an increasing deal of attention. In analogy to the f (R) gravity, the f (T ) theory is obtained by extending the action of teleparallel gravity which is based on teleparallel geometry where the spacetime has only torsion and is curvature-free [50] [51] [52] .
Assuming a flat FLRW metric, the expansion rate in terms of torsion scalar T is expressed as
where the subscript T represents a derivative with respect to T and ρ is the energy density.
Recently, several specific models based on f (T ) theory have been proposed [53, 54] . Some of them can not only explain the observed cosmic acceleration, but also can provide an alternative to early inflation [55, 56] . Observational constraints and some important properties for these models were extensively studied in the last few years [57] [58] [59] [60] [61] [62] [63] . In this paper, we explore the f (T ) gravity theory with the SL test by adopting a model, with
, in which the phantom divide line crossing might be realized [64] . The fundamental requirement ρ eff > 0 demands that the parameter n must be greater than 3/2.
The predications on the time evolution of the velocity shift and the numerical results 
IV. CONCLUSION
In this paper, we have evaluated the power of direct measurements of temporal shift of cosmic redshift of the quasar spectra at sufficiently separated epochs, i.e., the SandageLoeb (SL) test, on constraining some popular modified gravity theories including DGP, f (R) modified gravity and f (T ) gravity theory. By considering the signal from the Cosmic-Dynamic-Experiment-like spectrograph, we quantify the ability of a future measurement of SL test to constrain these modified gravity theories. Alongside the latest observations of CMB-shift parameter, the SL test measurements are able to break degeneracies between model parameters markedly and thus greatly improve cosmological constraints for all investigated modified gravity theories. This is similar to the constraining power of the SL test on the phenomenological dynamic dark energy model with the CPL parametrization [16] . In addition, the distance ratios derived from the latest observations of the cosmic microwave background and baryonic acoustic oscillations (CMB/BAO), which are regarded to be more suitable than the primitive CMB-shift parameter for testing non-standard dark energy models, are taken into consideration for comparison. We find that the SL test measurements and CMB/BAO yield almost the same directions of degeneracy between model parameters for the concerned modified gravity theories. That is, the inclusion of the SL test could not markedly improve the constraints on these three modified gravity theories in terms of degeneracy-breaking of model parameters when the CMB/BAO is considered. However, for the DGP brane-world scenario and f (T ) gravity theory, due to a better sensitivity of the SL test, an obvious improvement of constraint on the parameter Ω m is achieved, which is similar to what was obtained when the holographic dark energy model was explored with the SL test [12] . This advantage, of course, might result from the absence of systematic effects which play a key role in the measurement of expansion parameters. For the f (R) modified gravity, the SL test can provide completely different bounded regions in model parameters space as compared to the CMB/BAO, and thus supplement strong complementary constraints. 
